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Abstract
The higher wild kernels are ﬁnite subgroups of the even K-groups of a number ﬁeld F, generalizing
Tate’s wild kernel forK2. Each wild kernel contains the subgroup of divisible elements, as a subgroup
of index at most two. We determine when they are equal, i.e., when the wild kernel is divisible in
K-theory.
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0. Introduction
In this paper, we generalize a theorem of Tate from K2 to higher K-theory. If F is a
number ﬁeld, the classical wild kernel Kw2 (F ) is deﬁned to be the kernel of all norm residue
symbols K2(F ) → (Fv) as Fv runs over the completions of F at all ﬁnite and real inﬁnite
places. This ﬁts into the Moore exact sequence [15, p. 157]:
0 → Kw2 (F ) → K2(F ) F−→⊕v(Fv) → (F ) → 0. (0.1)
It is an unpublished result of Tate (see [2, p. 250]) that the subgroup divK2(F ) of divisible
elements in the torsion group K2(F ) is a subgroup of the wild kernel of index at most two.
Hutchinson [8, 4.4] has proven the more precise result that divK2(F ) = Kw2 (F ) if and
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only F is special, a Galois-theoretic notion whose deﬁnition is given in 5.2, and explored
in [9].
Our main result concerns the higher wild kernel Kw2i (F ), a subgroup of K2i (F ) which
we shall deﬁne shortly, and the subgroup divK2i (F ) of divisible elements of K2i (F ).
Theorem A. Let F be a number ﬁeld.
(1) If i is odd and F is special, then divK2i (F ) is a subgroup of Kw2i (F ) of index 2.
(2) If i is even, or if F is not special, divK2i (F ) = Kw2i (F ).
Corollary A′. The image of KM4 (F )(Z/2)r1 in K4(F ) lies in divK4(F ), i.e., it vanishes
in each bounded quotient K4(F )/m.
It is the 2-primary part of this theorem that is really new. Indeed, the odd torsion part
of Theorem A was established by Banaszak and Kolster (see [1]). We quickly review the
proof for odd torsion in Section 1; it goes back 25 years, to Schneider’s theorem [21].
(For simplicity, we use the Voevodsky–Rost theorem [27] to identify étale and algebraic
K-theory, which Banaszak and Kolster did not.)
In the event that F is an non-exceptional number ﬁeld (i.e., every cyclotomic extension
of F is cyclic), the 2-primary part of Theorem A also follows from Schneider’s theorem
(and Voevodsky’s theorem [26]; see 1.1 below). This was ﬁrst observed by ]stvær in [19,
4.1a]. More generally, if F is a totally imaginary number ﬁeld, Theorem A is proven in
4.7 and 5.5 below.
To deﬁne the higher wild kernels, recall that ⊗i denotes the ith twist of the étale
sheaf  of all roots of unity; ⊗i (F ) is the (ﬁnite cyclic) subgroup ﬁxed by the
absolute Galois group of the ﬁeld F. If v is a ﬁnite place of F, local duality yields iso-
morphisms H 2(Fv, ⊗i+1m )⊗im (Fv) which stabilize (at ⊗i (F )) for large m. There are
Dwyer–Friedlander maps v : K2i (F ) → K2i (Fv) → H 2(Fv, ⊗i+1)⊗i (Fv); see
[5,23].
In contrast, when Fv = R we have H 2(R, ⊗i+1m )Z/2 for all even m. For each of the
r1 real places v of F we have maps v : K2i (F ) → K2i (R) → H 2(R,Z/2)Z/2. If
i /≡ 1 (mod 4), these maps are zero, since K2i (R)/2 is zero unless i ≡ 1 (mod 4). (If
i ≡ 1 (mod 4) they yield a surjection K2i (F ) → (Z/2)r1 ; see [20,30].)
Deﬁnition 0.2. The ith higher wild kernel Kw2i (F ) is deﬁned to be the kernel of the map
F = ⊕v : K2i (F ) → (Z/2)r1 ⊕∐v ﬁnite⊗i (Fv).
It is clear from the deﬁnition of the v that divK2i (F ) ⊆ Kw2i (F ). These are ﬁnite groups,
because it is also easy to see from 0.4 that Kw2i (F ) ⊆ K2i (OF ).
Here is the analogue of sequence (0.1). If i ≡ 1 (mod 4), let K+2i (F ) denote the kernel of
the surjectionK2i (F ) → (Z/2)r1 . If i /≡ 1 (mod 4), it is convenient to setK+2i (F )=K2i (F ).
The subgroup K+2i (OS) of K2i (OS) is deﬁned similarly.
Lemma 0.3. If F is totally imaginary, or if i /≡ 1 (mod 4), there is an exact sequence
(of torsion abelian groups), analogous to (0.1):
0 → Kw2i (F ) → K2i (F ) F−→⊕v ﬁnite⊗i (Fv) → ⊗i (F ) → 0.
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If i ≡ 1 (mod 4), there is an exact sequence:
0 → Kw2i (F ) → K+2i (F )
F−→⊕v ﬁnite⊗i (Fv) → ⊗i (F ) → 0.
Proof. In each case, the -primary part of 0.3 follows from the Tate–Poitou sequence for
the -primary cohomology groups H 2()= H 2(OS ,Z(i+1)). If F is totally imaginary,
or if  is odd, it sufﬁces to use the observation that K2i (F ) maps onto H 2(); see [5, 8.9],
[20, 0.4], [30, Theorem 73]. Now ﬁx  = 2. The same argument works for even i, since
H 2(R,Z2(i+1))=0 andK2i (F )maps ontoH 2(2) [30]. For i ≡ 3 (mod 4), use the fact that
K2i (F )maps onto the kernel H˜ 2(2) ofH 2(2) → (Z/2)r1 ; see [20, 0.6]. For i ≡ 1 (mod 4),
it is K+2i (F ) which maps onto H˜ 2(2). 
Let A{} denote the -primary subgroup of an abelian group A.
Corollary 0.4. For each prime , there is an exact sequence:
0 → Kw2i (F ){} → K+2i (OF ){} → ⊕v|⊗i∞(Fv) → ⊗i∞(F ) → 0.
Indeed, (0.4) follows from the fact that K2i (OF ){}K2i (OS){}, where S denotes the
set of ﬁnite places of F over , and a chase of the -primary part of the following diagram.
0 → Kw2i (F ) −→ K+2i (F ) −→ ⊕v⊗i (Fv) −→ ⊗i (F ) → 0⏐⏐⏐⏐
⏐⏐⏐⏐=
⏐⏐⏐⏐
0 → K+2i (OS) −→ K+2i (F ) −→ ⊕v⊗i (OF /pv) −→ 0
The sequence of 0.4 is sometimes used to deﬁne the -primary part of the higher wild
kernel; see [1, Theorem 4, 19, 4.1a]. It also gives Tate’s simple formula∏wi(Fv)/wi(F )
for the index of Kw2i (F ) in K2i (OF ) when F is totally imaginary. (Here wi(F ) denotes the
order of the cyclic group ⊗i (F ).)
When F has a real embedding, the connection between K-theory and étale cohomol-
ogy becomes weaker. It is necessary to distinguish between the 2-primary subgroup of
K2i (OS) and H 2(OS,Z2(i + 1)); these are only isomorphic when i ≡ 0, 1 (mod 4) by
[20, 0.6]. The cohomological analogue of theoremA concerns the Tate–Shafarevich groups
O;2(OS, ⊗i+1m ) for m = 2, deﬁned by the Tate–Poitou sequence:
0 →O;2(OS, ⊗i+1m ) → H 2(OS, ⊗i+1m )
→(Z/2)r1 ⊕
∐
p∈S
⊗im (Fp)
→ ⊗im (F ) → 0. (0.5)
This group is independent of the choice of S, as long as it contains all primes over 2; the
groupO;2(OS,Z2(i + 1)) = lim← O;
2
(OS, ⊗i+1m ) is sometimes called the ith (2-primary)
higher étale wild kernel of F; see [12,18,10].
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Passing to the inverse limit over m in the sequence (0.5) of ﬁnite groups yields a sequence
forO;2(OS,Z2(i+1)). If i is odd, it looks exactly like (0.5), but if i is even the term (Z/2)r1
vanishes in the limit and we have the analogue of (0.3):
0 →O;2(OS,Z2(i + 1)) → H 2(OS,Z2(i + 1)) −→
∐
p∈S
⊗i2∞(Fp)
→ ⊗i2∞(F ) → 0. (0.6)
Since the Dwyer–Friedlander maps are compatible with the Tate–Poitou maps, we see
from Lemma 0.3 that there is a canonical induced map Kw2i (F ) →O;2(OS,Z2(i + 1)).
Theorem B. If F is a real number ﬁeld, H 2(OS,Z2(i + 1)) injects into the motivic coho-
mology group H 2,i+1 = H 2M(F,Z(2)(i + 1)). Moreover:
(1) If i is odd and F is special, divH 2,i+1 is a subgroup ofO;2(OS,Z2(i + 1)) of index 2.
(2) If i is even, or if i is odd and F is not special, divH 2,i+1F =O;2(OS,Z2(i + 1)).
We introduce divH 2,i+1F in Section 7 and prove Theorem B in 7.6 and 7.8. If i /≡
2 (mod 4) Theorem A is proven in 7.9; the ﬁnal case i ≡ 2 (mod 4) is handled in Section
8, using the calculations in [20].
Notation. For any ﬁeld K, and any Galois module M, we write K(M) for the extension
ﬁeld of K which is the ﬁxed ﬁeld for the kernel of Gal(K¯/K) → Aut(M). Thus, Gal(K¯/K)
acts trivially on M if and only ifK=K(M).We will apply this toM=⊗im =m⊗· · ·⊗m.
For any abelian group A, divA denotes the subgroup of all divisible elements in A,
i.e., divA = ∩nnA = {a ∈ A : (∀n)(∃b ∈ A)a = nb}, and (as mentioned before 0.4) A{}
denotes the -primary subgroup of A.
1. Non-exceptional ﬁelds
The purpose of this section is to give an off-the-shelf proof of the following result, which
was implicit in Schneider’s 1979 paper [21]. For  odd, this was observed by Banaszak and
Kolster; see [1]. For  = 2, it was ﬁrst published by ]stvær in [19]. We will give another
proof of Schneider’s theorem in Section 4.
Theorem 1.1. Let F be a number ﬁeld and i1.
(a) If  is odd, the -Sylow subgroups of Kw2i (F ) and divK2i (F ) agree.
(b) If F is non-exceptional, then divK2i (F ) = Kw2i (F ).
Recall that a ﬁeld F is said to be non-exceptional if the Galois groups Gal(E/F) are
cyclic for every cyclotomic extension E of F. Any ﬁeld F containing
√−1 or √−2 is
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non-exceptional, and every non-exceptional number ﬁeld is totally imaginary. The quadratic
ﬁelds Q(
√
d) are exceptional for every squarefree d except −1,−2.
Example 1.1.1. When i = 2, Theorem 1.1 states that the classical wild kernel of K2(F )
equals divK2(F ) when F is non-exceptional. It seems certain that Tate knew this result; a
proof of this result was given recently by Hutchinson in [8, 4.5].
Proof of Theorem 1.1. It is known that the -Sylow subgroup of the ﬁnite group K2i (OF )
is isomorphic to H 2(OF [1/],Z(i + 1)) if i > 0 and either  is odd [30, Theorem 70]
or  = 2 and F is totally imaginary [30, Theorem 73]. This is a consequence of the
Voevodsky–Rost theorem [27] for odd , and Voevodsky’s theorem [26] for  = 2. The-
orem 1.1 is now just a translation of Schneider’s theorem [21, 4.8], which we restate as 1.4
below. 
Although Schneider’s theorem was originally stated only for odd , the proof in Schnei-
der’s paper applies verbatim for  = 2 when F is non-exceptional. This is hard to see,
because the proof in loc. cit. never mentions the running hypothesis on . In fact, the hy-
pothesis on  is actually used only once, when Schneider cites the following theorem of
Neukirch [16].
Fix a prime  and a number ﬁeld F, and let S be a ﬁnite set of places of F, includ-
ing all inﬁnite ones and all places over . Let M be a ﬁnite -primary Galois module for
the absolute Galois group G = Gal(F¯ /F ), and let M ′ denote its Pontrjagin dual module,
Hom(M,Q/Z(1)).
Neukirch’s Theorem 1.2. Suppose that the -primary abelian group underlying M is
cyclic. If  = 2, assume in addition that F is non-exceptional. Then:
(a) H 1(F,M) → ⊕v∈SH 1(Fv,M) is surjective.
(b) H 2(F,M ′) → ⊕v∈SH 2(Fv,M ′) is injective.
Proof. The assumption that  is odd or F is non-exceptional implies that the image of
G → Aut(M ′) is cyclic. Hence assertion (a) is a special case of 6.4(b) of [16]. (See
6.4(e) if  is odd.) By [16, 4.4] (a version of Tate–Poitou duality), parts (a) and (b) are
equivalent. 
Corollary 1.3 (Schneider). Let M denote the Galois module Q/Z(i) for i = 1. If = 2,
assume in addition that F is non-exceptional. Then the subgroup divH 1(F,M) of divisible
elements is contained in the subgroup H 1(OF ,M), and in fact
divH 1(F,M) = {a ∈ H 1(OF ,M) : av ∈ divH 1(Fv,M)∀v over }.
Proof. If  is odd, this is 4.4 of [21]. Schneider’s proof remains valid if  = 2 and F is
non-exceptional because it uses Neukirch’s Theorem 1.2, restated as (2.7) in
[21, p. 187]. 
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Schneider’s Theorem 1.4. If  is odd, or if F is non-exceptional, there is an exact sequence
for all i = 1:
0 → divH 2(F,Z(i)) → H 2(OS,Z(i))
→ ⊕v∈S H 2(Fv,Z(i)) → Z/wi−1(F ) → 0.
We may identify the maps H 2(Fv,Z(i)) → Z/wi−1(F ) with the canonical surjections
Z/wi−1(Fv) → Z/wi−1(F ).
Proof. This is a paraphrase of the conclusion of Theorem 4.8 in [21]. The hypothesis of
4.8 is satisﬁed, because H 2(OF ,Q/Z(i)) = 0 if i = 1 and either  is odd or  = 2 and
F is non-exceptional [14, 9.5]. This hypothesis allows Schneider to identify H 2(OS,Z(i))
with the quotient of H 1(OF ,Q/Z(i)) by its maximal divisible subgroup.
Now ﬁx a local ﬁeld Fv . By local duality, the tower of groups {H 2(Fv, ⊗i )}∞=1 is Pontr-
jagin dual to the increasing sequence of groupsH 0(Fv, ⊗1−i )=⊗1−i (Fv). This sequence
stabilizes atZ/w1−i (Fv) for ?0, and this group is the Pontrjagin dual of⊗i−1(Fv). There-
fore, we may identify the ﬁnal map in Schneider’s sequence with the sum of the canonical
surjections ⊗i−1(Fv) → ⊗i−1(F ). 
Schneider is also credited with proving the following result, in [21, 6.1]:
Theorem 1.5. Suppose that  is odd (or that  = 2 and F is non-exceptional). For each
> 0, set E =F(⊗i ) and G =Gal(E/F ). Then the -primary part of the wild kernel is
Kw2i (F ){} lim← Pic(OE [
1

])(i)G{}.
However, [21, 6.1] needs decoding as Schneider phrased his result in different language;
see [12, 1.7], [18, 1.1]. By Tate–Poitou duality, the wild kernel is dual to the kernel R−i
of H 1(OS,Q/Z(−i)) → ⊕v∈SH 1(Fv,Q/Z(−i)). Schneider then passes to the ﬁeld
F∞ = ∪F(), where the problem is solvable using the Iwasawa module and class ﬁeld
theory, and then uses Galois descent for the pro-cyclic group Gal(F∞/F ).
We omit the details, since we will prove a slightly stronger result in 4.3 (and 4.3.1) below,
namely that the inverse limit on the right of 1.5 stabilizes for large .
2. Galois coinvariants
Eventually, we are going to consider a ﬁnite Galois extension F ⊂ E and study the
transfer maps between their respective Tate–Poitou sequences for M = ⊗i+1m . Recall that
Tate–Poitou duality for any Galois module M (over F) ends in the map
⊕v∈SH 2(Fv,M) → H 0(F,M ′)#.
Each component of thismap is a surjection, because it is dual (under local dualityH 2(Fv,M)
H 0(Fv,M ′)#) to the injection M ′(F ) → M ′(Fv).
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2.1. For the Galois module M = ⊗i+1m we have M ′ = ⊗−im and the dual of ⊗−im (F ) is
⊗im (F ), so we may further identify these maps with the canonical surjections ⊗im (Fv) →
⊗im (F ). In particular, if Gal(F¯ /F ) acts trivially on ⊗im , the ending of the Tate–Poitou
sequence is ⊕v∈S ⊗im → ⊗im .
Proposition 2.2. Let  be a proﬁnite group, 1 a closed normal subgroup of ﬁnite index,
and G = /1. Let M be a discrete -module, or a bounded complex of modules, such
that Hq(,M) = 0 for all q >n. Then the corestriction map induces an isomorphism
Hn(1,M)G
−→Hn(,M).
Proof. The result follows from the second quadrant Tate spectral sequenceEp,q2 =H−p(G,
Hq(1,M)) ⇒ Hp+q(,M), which converges because M has ﬁnite cohomological
dimension. See [22, Chapter I, Application 1] for example. 
Corollary 2.3. Let E/F be a Galois extension of totally imaginary number ﬁelds, with
Galois group G. For every ﬁnite Galois module M, and every G-invariant set of places S
of F containing all ramiﬁed places and all places over |M|, the corestriction maps induce
isomorphisms
H 2(E,M)G
−→H 2(F,M), H 2(OE,S,M)G
−→H 2(OS,M).
Proof. It is well known that Hq(F,M)= 0 and Hq(OS,M)= 0 for q > 2; see [22, II.4.4]
or [11, 3.1.1]. The hypotheses on S ensure that OE,S is étale over OS . 
Similarly, for everyGalois extensionFv ⊂ Ew of non-archimedean local ﬁelds, and every
Galois module M, the corestriction map H 2(Ew,M)G → H 2(Fv,M) is an isomorphism.
This follows from Proposition 2.2, since Fv has cohomological dimension 2.
In the speciﬁc case M=⊗i+1m , we saw before 2.1 that H 2(Fv,M)⊗im (Fv). From this,
we extract the following useful formula, which we will need in 2.7.
Corollary 2.4. For any Galois extension Fv ⊂ Ew of non-archimedean local ﬁelds, and
Z = Gal(Ew/Fv), the H 2-corestriction induces an isomorphism ⊗im (Ew)Z
−→ ⊗im (Fv).
Application 2.5. Let E/F be a Galois extension of totally imaginary number ﬁelds, with
Galois groupG. Then the vertical corestrictionmaps are all onto in theTate–Poitou diagram:
H 2(E, ⊗i+1m ) −−−−−−→⊕w⊗im (Ew) −−−−−−→⊗im (E)−−−−−−→0⏐⏐⏐⏐
⏐⏐⏐⏐
⏐⏐⏐⏐
H 2(F, ⊗i+1m ) −−−−−−→⊕v⊗im (Fv) −−−−−−→⊗im (F )−−−−−−→0
Now suppose that we are given a ﬁnite Galois extension F ⊂ E of number ﬁelds, with
Galois group G. For each prime ideal p of OF , G acts on the set of primes over p; if q is a
prime of OE over p, the subgroup ﬁxing q is the decomposition subgroup Zp ⊂ G, and it
is the Galois group of Eq/Fp. Moreover, Zp also acts faithfully on ⊗im .
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Lemma 2.6. Let Zp ⊂ G denote the decomposition subgroup of a prime q of E over a
prime p of F. Then ⊕q|p ⊗im is the induced module Ind GZp(⊗im ).
Proof. This is straightforward; cf. the proof of [8, 4.1]. 
Corollary 2.7. Set M = ⊕q|2 H 2(Eq, ⊗i+1m )⊕q|2 ⊗im . Then MG⊕p|2 ⊗im (Fp), and
Hn(G,M)⊕p|2 Hn(Zp, ⊗im ) for all n.
Proof. By 2.6, M⊕p Ind GZp(⊗im ). Since induced modules are also coinduced modules
[29, 6.3.4], the second assertion follows from Shapiro’s Lemma. The description of MG
follows from the observation 2.4 that (⊗im )Zp⊗im (Fp). 
Proposition 2.8. If F is totally imaginary, and G = Gal(F (⊗im )/F ), then the H 2-
corestriction ⊗im G
−→ ⊗im (F ) is an isomorphism for all m.
Proof. Applying the right exact G-coinvariant to the top row of 2.5 yields the diagram with
exact rows:
H 2(E, ⊗i+1m )G −−−−−−→(⊕q|2⊗im (Eq))G −−−−−−→⊗im (E)G−−−−−−→0

⏐⏐⏐⏐
⏐⏐⏐⏐
⏐⏐⏐⏐
H 2(F, ⊗i+1m ) −−−−−−→⊕p|2⊗im (Fp) −−−−−−→⊗im (F )−−−−−−→0
The left vertical map is an isomorphism by 2.3, and the middle vertical is an isomorphism
by 2.7. The right vertical map is now an isomorphism by the 5–lemma. 
We remark that the usual corestriction map ⊗im (Eq)G → ⊗im (Fp) is the norm, and need
not be an isomorphism when |OF /p| ≡ 3 (mod 4) and m = 2; see 3.5 below.
3. Group coinvariants
In this section we consider a ﬁnite group G acting faithfully on the sequence (0.3) and
show that sometimes the coinvariant sequence is exact. We will ﬁx a number ﬁeld E and
assume that Gal(E¯/E) acts trivially on the Galois module ⊗im . We have in mind the case
E = F(⊗im ), where F = EG, so that the action of G on ⊗im is faithful.
Deﬁnition 3.1. Let T be a set of ﬁnite places in a number ﬁeld E on which a ﬁnite group
G acts, and assume that Gal(E¯/E) acts trivially on the Galois module ⊗im . Let M0 denote
the kernel of the map ⊕q∈T ⊗im → ⊗im in 2.1. We will study the exact group homology
sequence
2−→H2(G, ⊗im ) → H1(G,M0) → H1(G,⊕q∈T ⊗im )
1−→H1(G, ⊗im )
→ M0G → (⊕q∈T ⊗im )G → m⊗iG → 0 (3.1.1)
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Let M be a Galois module, such as ⊗im . The next result is a modiﬁcation of the proof of
[8, 2.3 and 2.4], which is the special case i = 1.
Lemma 3.2. Let G be a ﬁnite cyclic subgroup of Aut(M), where MZ/2 as an abelian
group. Assume that G = {±1}. Then Hp(G,M) = 0 for all p = 0. Equivalently, the
canonical norm map is an isomorphism: MG
−→MG.
Proof. Under the identiﬁcation of Aut(M)with Z/m×, any element of Aut(M) is multipli-
cation by an integer relatively prime to m. Let t be a generator of G. As = 2, the generator
t of any subgroup of Aut(M) is multiplication by either 52a or −52a for a − 2, and if
t = ±1 then t |G| is multiplication by 1+2j with j odd. (This is an easy exercise.) It follows
that the norm 1+ t + · · ·+ t |G|−1 is represented by an integer N satisfying N(t − 1)= 2j .
Given this, the sequence
M
t−1−→M N−→M t−1−→M
is manifestly exact, i.e., the group homology vanishes. 
Remarks 3.2.1. (a) If G = {±1} the norm map is zero; see 3.6 below.
(b) This lemma also holds when MZ/ for odd , even if G = {±1}.
Application 3.3. ConsiderE=F(⊗im ) andG=Gal(E/F), wherem=2. By construction,
G acts faithfully on ⊗im so we may identify G with a subgroup of Aut(⊗im )Z/m×. Here
are two cases when (⊗im )G(⊗im )G = ⊗im (F ).
(a) If F is non-exceptional then G is cyclic, and (by considering larger cyclotomic exten-
sions) it is easy to see that G = {±1} when m8.
(b) If i is even, we also have G cyclic and G = {±1}. To see this, choose  ∈ Gal(F¯ /F )
and suppose that () = a for every mth root of unity in F¯ . Then under Gal(F¯ /F ) →
G ⊆ Aut(⊗im )Z/m×, we see that  maps to multiplication by ai , which is a square.
Hence G is a subgroup of the squares in Z/m×. But the squares in Z/m× form a cyclic
group which does not contain −1. The assertion follows.
Lemma 3.4. Let E = Fq(⊗im ), where m= 2. Then the norm ⊗im (E) → ⊗im (Fq) is onto if
and only if qi /≡ −1 (modm).
Proof (Cf.Hutchinson [8, 3.1]). SetM=⊗im . By construction,G=Gal(E/Fq) is a subgroup
of Aut(M). Now G is generated by the Frobenius 	, which acts on M as multiplication by
qi . Since MG = ⊗im (F), we see that there are two possibilities: qi /≡ −1 (modm), when
the norm map is onto by Lemma 3.2, and qi ≡ −1 (modm), when 	 acts as −1 and the
norm map 1 + 	 is zero. 
Remark 3.4.1. If m =  for an odd prime , the same proof (using 3.2.1) shows that the
norm map ⊗im (E) → ⊗im (Fq) is always onto.
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Corollary 3.5. Let F be a number ﬁeld and ﬁx m=28 large enough that E=F(⊗im ) =
F . Suppose that either i is even, q ≡ +1 (mod 4) or F is non-exceptional.
Then for every prime p of OF [ 12 ] and every prime q of OE over p, the norm map ⊗im =
⊗im (OE/q) → ⊗im (OF /p) is onto.
Proof. SetOF /p=Fq andOE/q=E.We ﬁrst claim that E=Fq(⊗im ). Indeed, the hypothesis
that F = E implies that if i=2s with s odd then a=− is positive and F(⊗im )=F(2a ).
(See [20, 1.9] for example.) Since 2a ∈ E, the claim follows.
If i is even, then qi cannot be −1 (modm) since −1 is not a square in Z/m×. Similarly,
if q ≡ +1 (mod 4) then qi /≡ −1 (mod 4). In either case, we are done by 3.4.
Wemay therefore assume that i is odd and that⊗im (Fq)={±1}. SinceF is non-exceptional
and m8, no automorphism of E maps to −1 under Gal(E/Fq) → Aut(⊗im )Z/m×.
This is in particular true for elements of the decomposition group of q such as (lifts of the)
Frobenius 	 or 	i , i.e., for qi . 
Lemma 3.6. Suppose thatMZ/2 as anabelian group,and thatG ⊂ Aut(M)=(Z/2)×
contains −1. Then for any decomposition G{±1} × C with C cyclic,
Hp(G,M)Hp({±1},MC)Z/2
for all p. In particular, H1(G,M)Hom(Z/2,MC) and MGH2(G,M)M/2.
Proof. C satisﬁes the hypotheses of Lemma 3.2, so the Lyndon–Hochschild–Serre spectral
sequence Hp({±1}, Hq(C,M)) ⇒ Hp+q(G,M) degenerates to yield the lemma. The
speciﬁc formulas are standard; see [29, 6.2.2]. 
Corollary 3.7. If Z ⊂ G ⊆ Aut(M) with Z = G, then H1(Z,M) → H1(G,M) is the
zero map, and if −1 ∈ Z then H2(Z,M) −→H2(G,M).
Proof. If −1 = Z, then Z is cyclic and the result follows from Lemma 3.2. Thus we
may assume that −1 ∈ Z, and hence that G is not cyclic. Since Aut(M){±1} × C′
with C′ cyclic, we may ﬁnd cyclic subgroups 1 ⊆ C0 ⊂ C ⊂ C′ with Z = {±1} × C0 and
G={±1}×C. SinceC0 = C,MC0=M/2aM andMC=C/2bM for a >b. It follows that the
map Hom(Z/2,MC0) → Hom(Z/2,MC) is zero, and that there are natural isomorphisms
H2(Z,M)H2(G,M)M/2M . 
Proposition 3.8. Assume that i is even or that F is non-exceptional, and m = 2. Set
G = Gal(F (⊗im )/F ). Then H1(G,M0) = 0 and there is an exact sequence:
0 → M0G → ⊕p|2 ⊗im (Fp) → ⊗im (F ) → 0.
Proof. By 3.2 and 3.3we haveH1(G, ⊗im )=H2(G, ⊗im )=0, as well as (⊗im )G(⊗im )G=
⊗im (F ). Hence the sequence (3.1.1) breaks up for M = ⊕q|2 ⊗im to yield an isomorphism
H1(G,M0)H1(G,M), and an exact sequence involving MG. Given 2.7, it sufﬁces to
show that for each p | 2 we have H1(Zp, ⊗im )= 0. But this follows from 3.2, because each
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decomposition group Zp is a subgroup of G, so it is cyclic and its image in Z/m× does not
contain −1. 
Remark 3.8.1. Proposition 3.8 holds for any number ﬁeld F if we replace 2 by an odd
prime . We omit the routine veriﬁcation, noting that 3.2.1(b) is the crucial step, and that
the Galois group Gal(F (⊗i /F ) is always cyclic.
4. Totally imaginary number ﬁelds, i even
By (0.4), the wild kernel is the intersection of the kernels of K2i (OF ) → ⊗im (Fv)
as m → ∞. On the other hand, divK2i (F ) is the intersection of the kernels of the maps
K2i (OF ) → K2i (F )/m. In this section, wewill compare these subgroups using the identiﬁ-
cation (form odd or form even andF totally imaginary) ofK2i (OF )/mwithH 2(OS, ⊗i+1m );
see [30, Theorem 73].
We ﬁrst dispose of a basic case; if i = 0 it is the Kummer sequence in class ﬁeld theory.
In our applications, T will be the primes over 2.
It will be convenient to adopt the notation that Pic(OT )(i) denotes the Galois module
Pic(OT ) ⊗ ⊗iN , where N = |Pic(OT )|. Thus, Pic(OT ) ⊗ ⊗im Pic(OT )(i)/m for all m.
Proposition 4.1. Suppose that a number ﬁeld E satisﬁesE=E(⊗im ) for some prime power
m = 2, and that T is a ﬁnite set of non-archimedean places of E containing all places over
m. Then there is a natural exact sequence
0 → Pic(OT ) ⊗ ⊗im → H 2(OT , ⊗i+1m ) →
⊕
q∈T
⊗im
add−→ ⊗im → 0.
Proof (Tate [25, 6.2]). The case i=0 is theKummer sequence fromclass ﬁeld theory; tensor
it with the free Z/m-module ⊗im and use the natural H 2(OT , ⊗i+1m )H 2(OT , m)⊗ ⊗im
to get the desired sequence. 
Remark 4.1.1. If in addition m annihilates K2i (OE){2}, we may identify K2i (OE){2} with
H 2(OE[ 12 ], ⊗i+1m ). In this case, (0.4) implies that Pic(OE[ 12 ])(i)/mKw2i (E).
Application 4.2. Suppose that G is a group of automorphisms of E ﬁxing F = EG. Let
S be a set of places of F, containing all places over m, and T the places of E over S. By
naturality, G acts on the sequence of 4.1. Recall from 3.1 that M0 denotes the kernel of the
map “add” in 4.1. Applying group homology and invoking 2.3 with S = T/G, we obtain
the following exact sequence, complimentary to (3.1.1):
H1(G,M
0) → Pic(OT )(i)G/m → H 2(OS, ⊗i+1m ) → M0G → 0.
We now turn to an interpretation of the terms in this sequence involving M0, restricting
to the case m = 24. Let m0 be the largest power of 2 dividing the order of K2i (OF ), so
that the 2-Sylow subgroup of K2i (OF ) is isomorphic to K2i (OF )/m0.
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Corollary 4.3. If F is non-exceptional, or if i is even (and F is totally imaginary), then
Pic(OE[ 12 ])(i)G/mKw2i (F ){2} for all m = 2m0, where E = F(⊗im ).
Proof. Let S be the places over 2 and setM=⊗im . SinceF is totally imaginary, 2.3 identiﬁes
K2i (OF [ 12 ])/m=H 2(OF [ 12 ], ⊗im ) with K2i (OE[ 12 ])G/m=H 2(OE[ 12 ], ⊗im )G. The result
follows by plugging 3.8 into 4.2, and comparing to (0.4). 
Remark 4.3.1. Replacing 2 by an odd prime  yields a similar result: for any number ﬁeld
F, Kw2i (F ){} is isomorphic to Pic(OE[1/])G/m for E = F(⊗im ), when m =  is large
enough. The proof is the same, replacing 3.8 by 3.8.1.
We now turn to the subgroup divK2i (F ).
Lemma 4.4. Let x be an arbitrary element of Pic+(OF ). For every m and a ∈ Z/m×,
there are inﬁnitely many prime ideals p of OF that represent x in Pic+(OF ) and have norm
≡ a (modm).
Proof. This is a special case of the generalizedDirichletDensityTheorem; see [17,VII.13.2].
(Compare [8], where the relevant details of the proof of Dirichlet Density are
extracted.) 
Theorem 4.5. Let m = 2 be large enough that E = F(⊗im ) = F . Then the corestriction
map H 2(OE[ 12 ], ⊗i+1m ) → H 2(OF [ 12 ], ⊗i+1m ) induces the exact sequence
Pic(OE[ 12 ])(i)G/m→H 2(OF [ 12 ], ⊗i+1m )→H 2(F, ⊗i+1m )→⊕p2 ⊗im (OF /p) → 0.
If F is non-exceptional, or i even, the left map is an injection by 4.3 above.
Proof. Consider the diagram whose rows are the exact localization sequences:
E× ⊗ ⊗im d(i)−→ ⊕q2 ⊗im → H 2(OE[ 12 ], ⊗i+1m ) → H 2(E, ⊗i+1m )⏐⏐⏐⏐
⏐⏐⏐⏐N
⏐⏐⏐⏐
⏐⏐⏐⏐
H 1(F, ⊗i+1m ) → ⊕p2⊗im (OF /p) → H 2(OF [ 12 ], ⊗i+1m ) → H 2(F, ⊗i+1m )
The cokernel of the upper left horizontal map d(i) is Pic(OE[ 12 ]) ⊗ ⊗im . The cokernel on
the lower right is the sum of the groups H 1(OF /p, ⊗im )H 0(OF /p, ⊗−im )#, which we
have identiﬁed with ⊗im (OF /p).
If i is even, or F is non-exceptional, the second vertical map is onto by 3.5, and the result
follows by a diagram chase. We may thus assume that i is odd. By 3.5 again, the second
vertical map N is onto all terms ⊗im (Fq) with q ≡ +1 (mod 4); we claim that the other
terms come from H 1(F, ⊗i+1m ) ⊕ image(N). To see this, suppose that OF /p0 = Fq with
q ≡ 3 (mod 4). Since ⊗im (OF /p0)= {±1}, it sufﬁces to lift the element x which is [−1] in
the p0 factor and [+1] elsewhere.
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By Lemma 4.4, there is a prime ideal p1 with [p1] = [p0] in Pic(OF [ 12 ]), and |OF /p1| ≡
1 (mod 4). From the commutative diagram
H 1(F, 2) −→ ⊕p 2 −→Pic(OF [ 12 ])/2 → 0⏐⏐⏐⏐
⏐⏐⏐⏐
H 1(F, ⊗i+1m ) −→ ⊕p ⊗im (OF /p)
it follows that x is equivalent modulo the image of H 1(F, ⊗i+1m ) to a term supported at p1,
and we have seen that this term is in the image of N. 
Remark 4.5.1. Again, the result still holds if we replace 2 by an odd prime . In fact, the
proof is easier, as N is onto by 3.4.1.
Corollary 4.6. If m = 2m0, then the image of Pic(OE[ 12 ])(i)G → K2i (OF ){2} is the
2-Sylow subgroup of divK2i (F ).
Proof. Consider the kernelNm ofK2i (OF ) → K2i (F )/m. Since theNm form a descending
chain of subgroups of the ﬁnite group K2i (OF ), they stabilize at divK2i (F ) for large m.
But Nm is the image of Pic(OE[ 12 ])(i)G → K2i (OF ){2} by 4.5. 
Remark 4.6.1. If  is odd, the image of Pic(OE[1/])(i)G → K2i (OF ){} is the -Sylow
subgroup of divK2i (F ) for any number ﬁeld F. Indeed, the proof of 4.6 goes through, using
4.5.1. Combining this with 4.3.1 yields a proof of Schneider’s Theorem 1.1(a).
Proposition 4.7. Let F be totally imaginary, and suppose that either i is even or that F is
non-exceptional. Then divK2i (F ) = Kw2i (F ).
The -Sylow subgroup is isomorphic to Pic(OE [ 1 ])(i)G/ for all large , where E =
F(⊗i ) and G = Gal(E/F ).
Proof. Combine 4.3 and 4.6 to see that the 2-Sylow subgroups are the same. The -Sylow
subgroups are the same for  = 2 by Schneider’s Theorem 1.1(a); see 4.6.1. The identiﬁ-
cation with coinvariants of Picard groups is given by 4.3 and 4.3.1; cf. 1.5. 
5. Totally imaginary number ﬁelds, i odd
We now consider the case in which i is odd and F is exceptional, but totally imaginary.
In this case, ⊗im (F )Z/2. We will be comparing the sequences (3.1.1) and 4.2 when
mm04; by 2.7, 2.8, and 4.6, the sequence
0 → divK2i (F ){2} → K2i (OF ){2} → ⊕p|2 ⊗im (Fp) → ⊗im (F ) → 0 (5.1)
is exact, except possibly at K2i (OF ){2}; (5.1) is exact iff the map 1 is onto in (3.1.1).
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Since F is exceptional and 4|m, √−1 ∈ F(⊗im ); this is because the automorphism
 → −1 of F acts non-trivially on ⊗im . It follows that F(⊗im ) is a cyclotomic extension
F() for some 2-primary root of unity .
The following deﬁnition is due to Hutchinson [9]. Note that if 2a = 1 and u =  + −1
is in F then  ∈ F(√−1):  satisﬁes 2 − u+ 1 = 0.
Deﬁnition 5.2. A number ﬁeld F is special if F is exceptional and for every prime p of F
over 2 there is a 2-primary root of unity  such that + −1 belongs to Fp but not to F. That
is,  ∈ Fp(
√−1) but  /∈F(√−1).
Remark 5.2.1. Setting E = F(⊗im ), it follows from [9, 2.2(1)] that F is special iff Zp =
Gal(E/F) for every prime p over 2.
Example 5.3 (Hutchinson [9, 2.7]). Suppose that F = Q(√d), where d is a square-free
integer. Then F is special if and only if either: (a) d ≡ −1 (mod 8) and d = −1, or (b) d ≡
±2 (mod 16) and d = ±2. Indeed, F is exceptional iff d = −1,−2, while F2 = Q2(
√
d)
is non-exceptional iff d ≡ −1 (mod 8) or d ≡ −2 (mod 16); if F2 is exceptional then
(8 + −18 )/2 =
√
2 ∈ F2 iff d ≡ 2 (mod 16).
Lemma 5.4. Let i be odd. If F is an exceptional, totally imaginary number ﬁeld, then (for
mm04): (5.1) is exact if and only F is not special.
Proof (Cf. [8, 4.4]). We have remarked that the sequence (5.1) is exact iff 1 is onto. If F
is special, then each H1(Zp,M) → H1(G,M) is zero by 3.7, and hence 1 = 0.
If F is not special, then there is some p′ with Zp′ =G. Using 2.7, we see that the maps 1
and 2 are split surjections. Thus (3.1.1) yields H1(G,M0)⊕p=p′H1(Zp, ⊗im ) and (with
4.2) the exactness of sequence (5.1). 
Combining 5.4 with 3.2, 4.2 and (3.1.1), we obtain the following theorem. It was proven
for i = 1 in [8, 4.4].
Theorem 5.5. Let F be a totally imaginary number ﬁeld, and let i be odd.
(1) If F is not special, then divK2i (F ) = Kw2i (F ).
(2) If F is special, then divK2i (F ) is a subgroup of index 2 in Kw2i (F ), and there is a map
K2i (OF ) → M0G which induces a surjection Kw2i (F ) → H1(G, ⊗im )Z/2.
Example 5.6 (Hutchinson [9, 3.1]). Suppose that F =Q(√d), where d < 0 is square-free
and d ≡ 2 (mod 16). Then {−1,−1} is a non-zero element of Kw2 (F ), not in divK2(F ),
and Kw2 (F )divK2(F ) ⊕ Z/2. For these ﬁelds, K2(OF )/Kw2 (F ) has odd order.
6. Totally positive cohomology
New features arise when F has a real embedding. Although we still have available all
of Section 3 (including 3.8 for even i), the descent result 2.3 fails, because when i is
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odd the composition of H 2(E, ⊗im )G → H 2(F, ⊗im ) with the surjection H 2(F, ⊗im ) →
H 2(R, ⊗im )Z/2must be zero.Andwhen i is even, the exact sequence 4.1must be adjusted
to include real places in T. These facts follow from the following considerations:
6.1. When i is odd and 4|m, the ﬁeld F(⊗im ) is a cyclotomic extension containing
√−1,
by the argument after (5.1). However, when i is even, the ﬁeld F(⊗im ) has many real
embeddings; the automorphism  → −1 acts trivially on F(⊗im ) because it acts trivially
on ⊗im .
Deﬁnition 6.2. Suppose that M is a 2-primary Galois module over the S-integers of a
number ﬁeld F with r1 > 0 real embeddings iv : F → R. Then M is a submodule of
the induced module ⊕v(iv)∗M . The totally positive étale cohomology of M is deﬁned to be
H
p
+(OS,M)=Hp−1(X,⊕v(iv)∗M/M). It is shown in [4] thatHp+(OS,M)=Hp+(F,M)=0
for p = 1, 2. By construction, there is an exact sequence
0 → H 1+(OS,M) → H 1(OS,M) → ⊕vHp(R,M)
→ H 2+(OS,M) → H 2(OS,M) → ⊕vHp(R,M) → 0.
The Tate–Poitou sequence for M = ⊗i+1m is
H 2+(OS, ⊗i+1m ) →
∐
p∈S
⊗im (Fp) → ⊗im (F ) → 0. (6.2.1)
Example 6.3. Set M = Z2(i + 1)= lim← 
⊗i+1
m . Since the cohomology groups with coefﬁ-
cients ⊗i+1m are ﬁnite we have H 2(OS,M)= lim← H
2(OS, ⊗i+1m ). Since Hn(R,M) is Z/2
if i − n is even, and zero if i − n is odd, we have sequences:
(Z/2)r1 → H 2+(OS,M) → H 2(OS,M) → 0, i even,
0 → H 2+(OS,M) → H 2(OS,M) → (Z/2)r1 → 0, i odd.
Apparently the H ∗+ construction ﬁrst arose in a letter from Kato to Tate, circa 1973.
The cohomological bound is due to Tate; see [24]. In particular, Lemma 2.2 applies to
⊕v(iv)∗M/M [1], and we deduce the analogue of 2.3:
Lemma 6.4. Let E/F be a Galois extension of number ﬁelds, with Galois group G. For
every ﬁnite2-primaryGaloismoduleM,and everyG-invariant set of places S ofF containing
all ramiﬁed places and all places over |M|, the corestriction maps induce isomorphisms
H 2+(E,M)G
−→H 2+(F,M), H 2+(OE,S,M)G
−→H 2+(OS,M).
Corollary 6.5. When E = F(⊗im ), H 2+(OE,S, ⊗im )GH 2+(OS, ⊗im ).
Example 6.6. It is not hard to see that: H 0+(OS,Gm) = 0; if O×S,+ is the group of
totally positive units and Pic+ is the narrow Picard group then H 1+(OS,Gm) is Pic+(OS)⊕
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Rr1/ ln(O×S,+); and H 2+(OS,Gm) is the positive Brauer group Br+(OS), deﬁned as the ker-
nel of the surjection Br(OS) → (Z/2)r1 ; see [20, 7.3]. The classical Kummer sequence has
the analogue
0 → Pic+(OS)/m → H 2+(OS, m) →
⊕
ﬁnite q∈S
Z/m
add−→Z/m → 0.
Let j be the signature defect of OS , i.e., the rank of the cokernel of the signature map
O×S → {±1}r1 . The Kummer sequence also shows that (Z/2)j is the kernel of Pic+(OS) →
Pic(OS). Moreover, if E =F(m) and G=Gal(E/F) then H 2(OE,S, m)GH 2+(OS, m)
by 6.4. It follows from 6.2 that for m = 2 larger than the order of Pic(OS){2} we have the
sequence
0 → (Z/2)j → H 2(OE,S, m)G → H 2(OS, m) → (Z/2)r1 → 0. (6.6.1)
The sequence (6.6.1) illustrates the failure of 2.3 for real number ﬁelds.
Lemma 6.7. If G = Gal(F (⊗im )/F ), then the H 2-corestriction ⊗im G
−→ ⊗im (F ) is an
isomorphism for all m.
Proof. Copy the proof of Lemma 2.8, with H 2+ in place of H 2, using (6.2.1) and 6.5. 
As in the proof of 4.1, tensoring 6.6 with ⊗im and using 6.4 yields:
Proposition 6.8. Suppose that a real number ﬁeld E satisﬁes E = E(⊗im ) for some m =
2 > 2, and that T is a ﬁnite set of non-archimedean places of E containing all places
over 2. Then there is a natural exact sequence
0 → Pic+(OT ) ⊗ ⊗im → H 2+(OT , ⊗i+1m ) →
⊕
q∈T
⊗im
add−→ ⊗im → 0.
Similarly, the discussion in 4.2 goes through, using Pic+, H 2+, 6.4 and 6.8 in place of Pic,
H 2, 2.3 and 4.1, to get
H1(G,M
0) → Pic+(OT )(i)G/m → H 2+(OS, ⊗i+1m ) → M0G → 0. (6.9)
Corollary 6.10. Let i be even, F a number ﬁeld, and m= 2m0. Setting E =F(⊗im ), we
haveO;2(OF [ 12 ], ⊗i+1m )Pic+(OE[ 12 ])(i)G/m, and there are exact sequences:
0 → Pic+(OE[ 12 ])(i)G/m → H 2+(OF [ 12 ], ⊗i+1m )
→ ⊕p|2 ⊗im (Fp) → ⊗im (F ) → 0,
0 → Pic(OE[ 12 ])(i)G/m → H 2(OF [ 12 ], ⊗i+1m )
→ (Z/2)r1 ⊕
⊕
p|2
⊗im (Fp) → ⊗im (F ) → 0.
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Proof. Combining (6.9) with 3.8 yields the ﬁrst sequence. The second follows from this
by a diagram chase using
(Z/2)r1 −→ Pic+(OE[ 12 ])(i)G/m −→ Pic(OE[ 12 ])(i)G/m → 0∥∥∥∥∥
⏐⏐⏐⏐
⏐⏐⏐⏐
(Z/2)r1 −→ H 2+(OF [ 12 ], ⊗i+1m ) −→ H 2(OF [ 12 ], ⊗i+1m ) → (Z/2)r1 → 0
The description ofO;n(OF [ 12 ], ⊗i+1m ) follows from the second sequence. 
Theorem 6.11. Let m= 2 be large enough that E = F(⊗im ) = F . Then the corestriction
map induces the exact sequences
Pic+(OE[ 12 ])(i)G/m → H 2+(OF [ 12 ], ⊗i+1m ) → H 2+(F, ⊗i+1m )
→ ⊕p2⊗im (OE/p) → 0,
Pic(OE[ 12 ])(i)G/m → H 2(OF [ 12 ], ⊗i+1m ) → H 2(F, ⊗i+1m )
→ ⊕p2⊗im (OE/p) → 0.
If i is even, the left maps are injections.
Proof. Adding the subscript ‘+’ to the groups in the proof of 4.5 readily proves exactness
of the ﬁrst sequence; the injectivity of Pic+ in H 2+ for even i is given by 6.10. Exactness
of the second sequence, as well as injectivity of Pic in H 2 for even i, follows from this by
chasing the following diagram, where OS = OF [ 12 ].
(Z/2)r1 → H 2+(OS, ⊗i+1m ) → H 2(OS, ⊗i+1m ) → (Z/2)r1 → 0⏐⏐⏐⏐=
⏐⏐⏐⏐
⏐⏐⏐⏐
⏐⏐⏐⏐=
(Z/2)r1 → H 2+(F, ⊗i+1m ) → H 2(F, ⊗i+1m ) → (Z/2)r1 → 0 
7. The motivic wild kernel for real number ﬁelds
The 2-local motivic cohomology group H 2,i+1M (F) = H 2M(F,Z(2)(i + 1)) has all the
properties ascribed to the 2-Sylow subgroup of K2i (F ) in Sections 1 and 4. Its sub-
group of divisible elements is the intersection of the kernels of the maps to the groups
H 2M(F,Z/m(i + 1)) for m= 2; byVoevodsky’s theorem, the target groups are isomorphic
to the étale cohomology groups H 2(F, ⊗i+1m ).
Lemma 7.1. Let F be a ﬁnite ﬁeld. Then for all i > 0,
HnM(F,Z(2)(i))
{
K2i−1(F), n = 1,
0 else.
Proof. First note that by construction,HnM(F, A(i))=0 forn> i and all coefﬁcientsA, sowe
may assume that n i. Since HnM(F,Q(i)) is a summand of K2i−n(F)⊗Q=0 by [3], each
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H
n,i
M = HnM(F,Z(2)(i)) is a 2-primary torsion group. Since HnM(F,Z/2(i))Hnet (F,Z/2)
vanishes for n = 0, 1, the universal coefﬁcient theorem implies that Hn,iM = 0 for n = 1, 2
and that H 2,iM is divisible. The motivic-to-K-theory spectral sequence [6] now degenerates
to yield H 1,iM K2i−1(F) and H
2,i+1
M K2i (F) = 0. 
Lemma 7.2. For in2, HnM(OS,Z(2)(i))Hnet (OS,Z2(i)).
Proof. As in the proof of 7.1, HnM(OS,Q(i))=0 so HnM(OS,Z(2)(i)) is a 2-primary torsion
group for all n2. Since Hn+1(OS, ⊗im )(Z/2)r1 for all n2 and m = 2, we see that
HnM(OS,Z(2)(i)) is a ﬁnite group of exponent 2 if n3, and ﬁnite if n = 2. The result now
follows from universal coefﬁcients. 
Corollary 7.3. If i > 0 is even, then there is an exact sequence for all large m = 2:
0 → H 2M(OS,Z(2)(i + 1)) → H 2(OS, ⊗i+1m ) → (Z/2)r1 → 0.
Proof. Since H 3(OS,Z(2)(i + 1))⊕H 3(R,Z(2)(i + 1))Z/2 for even i, and the group
H 2M(OS,Z(2)(i + 1)) is ﬁnite, this follows from universal coefﬁcients. 
Lemma 7.4. For i1, H 2M(OS,Z(2)(i + 1)) → H 2M(F,Z(2)(i + 1)) is an injection with
cokernel ⊕p/∈S K2i−1(OF /p){2}, and HnM(OS,Z(2)(i))HnM(F,Z(2)(i)) for all n3.
Proof. If i = 0, all groups are zero, so we may assume that i1. Set M = Z(2)(i + 1) and
consider the localization sequence in motivic cohomology [13], which by 7.1 simpliﬁes to:
0 → H 2M(OS,M) → H 2M(F,M) → ⊕K2i−1OF /p){2}
→ H 3M(OS,M) → H 3M(F,M) → 0 → · · · → 0
→ HnM(OS,M) → HnM(F,M) → 0 → · · · .
Now the composite K2i (F ){2} → H 2M(F,M) → ⊕K2i−1(OF /p){2} is onto; see
[30, Theorem 7]. The result follows. 
Recall that H 2,i+1M is an abbreviation for H 2M(F,Z(2)(i)). Let divH
2,i+1
M (F) denote the
subgroup of divisible elements in H 2,i+1M .
Corollary 7.5. If mm0, the image of Pic(OE[ 12 ])(i)G → H 2,i+1M is divH 2,i+1M (F). If i
is even, Pic(OE[ 12 ])(i)G/mdivH 2,i+1(F ).
Moreover, divH 2,i+1M (F) ⊆O;2(OS,Z2(i + 1)) ⊆ H 2M(OS,Z(2)(i + 1)).
Proof. By Lemma 7.4, divH 2,i+1M is a subgroup ofH
2,i+1
M (OF )=H 2M(OF [ 12 ],Z(2)(i+1)),
which is a ﬁnite group. Thus, the sequence of kernels Nm of H 2,i+1M (OF ) → H 2(F, ⊗i+1m )
stabilizes for large m, at divH 2,i+1M . But H
2,i+1
M (OF ) injects into H 2(OF [ 12 ], ⊗i+1m ) for
large m, so Nm is the image of Pic(OE[ 12 ])(i)G → H 2(OF [ 12 ], ⊗i+1m ) by 6.11.
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To see that divH 2,i+1M lies inO;2(OS,Z2(i + 1)), it sufﬁces to show that it lies in the
kernel of each map H 2M(OS,Z(2)(i + 1)) → H 2(OS, ⊗i+1m ) → H 2(Fv, ⊗i+1m ). But this
is clear since OS → Fv factors through F. 
Combining 6.10, 7.3 and 7.5 yields the following proposition, which together with (0.6)
proves the “i even” half of Theorem B(2):
Proposition 7.6. Let F be a real number ﬁeld. If i is even there is an exact sequence
0 → divH 2,i+1M (F) → H 2M(OF [ 12 ],Z(2)(i + 1))
→ (Z/2)r1 ⊕
∐
p|2
⊗im (Fp) → ⊗im (F ) → 0.
Now let i be odd. Combining (3.1.1), (6.2.1), (6.9) and 7.5, we obtain the analogue of
(5.1), namely sequences
0 → divH 2,i+1M → H 2+(OF [ 12 ], ⊗i+1m ) → ⊕p|2 ⊗im (Fp) → ⊗im (F ) → 0
0 → divH 2,i+1M → H 2(OF [ 12 ], ⊗i+1m ) → (Z/2)r1 ⊕
∐
p|2
⊗im (Fp) → ⊗im (F ) → 0
(7.7)
which are exact except possibly at H 2+ and H 2; the homology at this point is the cokernel of
the map 1 in (3.1.1). Note that the target of 1 is Z/2 by 3.6. Of course, we see from (0.5)
that the homology isO;2(OS, ⊗i+1m )/divH 2,i+1M . Substituting (6.9) for 4.2, the proof of
Lemma 5.4 goes through to prove:
Proposition 7.8. Let i be odd. Then (for mm04):
(1) If F is not special, the sequences (7.7) are exact.
(2) If F is special, the homology of (7.7) at H 2 isO;2(OS, ⊗i+1m )/divH 2,i+1M Z/2.
This completes the proof of the “i odd” half of Theorem B.
8. K-theory wild kernels
We now turn to algebraic K-theory. Rognes and Weibel [20, 0.6], [30, Theorem 93]
show that if 12 ∈ OS and i ≡ 0, 1 (mod 4) then K2i (OS){2}H 2(OS,Z2(i + 1)), while if
i ≡ 3 (mod 4) then there is an exact sequence
0 → K2i (OS){2} → H 2(OS,Z2(i + 1)) → (Z/2)r1 → 0.
Proposition 8.1. If i /≡ 2 (mod 4) then the mapsK2i (OS){2} → H 2(OS,Z2(i+1)) induce
isomorphisms Kw2i (F ){2}O;2(OS,Z2(i + 1)) for each S.
The case i /≡ 2 (mod 4) of Theorem A follows immediately from 8.1 and Theorem B.
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Proof. When i ≡ 0 (mod 4), the isomorphismK2i (OS)H 2(OS,Z2(i+1)) is compatible
with the maps to ⊗i (Fv). The proposition follows immediately from the comparison of
(0.4) and (0.6).
When i is odd, we compare sequences (0.4) and (0.5), letting m be large enough that the
2-Sylow subgroup of H 2(OS,Z2(i + 1)) equals H 2(OS, ⊗i+1m ), ⊗i+1m (F ) = ⊗i+1(F )
and ⊗i+1m (Fv) = ⊗i+1(Fv) for each v | 2.
When i ≡ 3 (mod 4), we see from 6.3 that K2i (OS){2}H 2+(OS,Z2(i + 1)). When i ≡
1 (mod 4), the comparison of (0.4) and (0.5) shows that K+2i (OS){2}H 2+(OS,Z2(i + 1)).
SinceO;2(OS,Z2(i + 1)) is the kernel of H 2+(OS,Z2(i + 1)) →
∐
⊗i (Fv), this sufﬁces
to prove the proposition in both cases. 
When i ≡ 2 (mod 4), there are elements of K2i (F ) not detected by H 2(OS, ⊗i+1m ). This
includes the image of the Milnor K-groupKM4 (F )(Z/2)
r1 inK4(OS) ⊂ K4(F ); see [20].
Rognes and Weibel [20], [30, 93] show that if 12 ∈ OS then there is an exact sequence
0 → (Z/2) → K2i (OS){2} → H 2(OS,Z2(i + 1)) → 0. (8.2)
The number  is not yet understood, but satisﬁes j<r1, where j is the signature defect
of OS , deﬁned as the dimension of the cokernel of H 1(OS,Z/2) → (Z/2)r1 .
Let H˜ 2(F,M) denote the kernel of the surjection H 2(F,M) → H 2(R,M)r1 .
Lemma 8.3. If i ≡ 2 (mod 4) and m = 2, there is an exact sequence
H 1(F, ⊗i+1m )
d2−→H 4(F, ⊗i+2m ) → K2i (F )/m → H˜ 2(F, ⊗i+1m ) → 0.
Proof. The motivic-to-K-theory spectral sequence [6] yields a ﬁltration K(2) ⊆ K(1) ⊆
K2i = K2i (F ;Z/m), with K(1)/K(2)H 2(F, ⊗i+1m ) and exact sequences
H 1(F, ⊗i+1m )
d2−→H 4(F, ⊗i+2m ) → K(2) → 0,
0 → K2i/K(1) → ⊗im (F ) d2−→(Z/2)r1 .
Now the 2-torsion subgroup of K2i−1(F ) is a non-trivial extension of ⊗i2∞(F )Z/wi by
E=(Z/2)r1 [20, 0.6], [30, Theorem 1]; in fact the subgroup E is the image ofKM3 (F ) under
periodicity [30, 2]. The map K2i/K(1) → ⊗im (F ) is just the e-invariant K2i (F ;Z/m) →
K2i (F¯ ;Z/m)⊗im , which by naturality vanishes on K2i (F )/m as well as E; see [28,30].
It follows that K(1) is an extension of E by K2i (F )/m.
In the analogous ﬁltration for R, the group K(2) is zero and K(1) is H 2(R, ⊗i+1m )Z/2;
see [30, 79]. Comparing ﬁltrations for K2i (F ;Z/m) and ⊕K2i (R;Z/m), we see that the
surjection K(1) → E(Z/2)r1 may be identiﬁed with the projection onto H 2(F, ⊗i+1m ),
followed by the surjection onto⊕H 2(R, ⊗i+1m )(Z/2)r1 . It follows thatK(2) is a subgroup
of K2i (F )/m, and that the quotient group is isomorphic to H˜ 2(F, ⊗i+1m ). 
Proposition 8.4. If i ≡ 2 (mod 4), m = 2 and E = E(⊗im ), the spectral sequence edge
maps (Z/2)r1H 4(E, ⊗i+2m ) → K2i (E)/m are zero.
In particular, the maps KM4 (E) → K4(E)/m are zero.
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Proof. The last sentence is the particular case i=2, sinceKM4 (E)H 4(E, ⊗4m ). It sufﬁces
to show that the differential d2 : H 1(E, ⊗i+1m ) → H 4(E, ⊗i+2m ) is onto in the motivic-
to-K-theory spectral sequence. If m = 2, d2 is onto because we may identify it with the
signature map E×/2 → (Z/2)r1 ; the details are given in [20, 7.4–5]. This shows that the
bottom right horizontal map is onto in the commutative diagram:
E× ⊗ ⊗im
−→H 1(E, ⊗i+1m ) d2−→ H 4(E, ⊗i+2m )(Z/2)r1
onto
⏐⏐⏐⏐
⏐⏐⏐⏐
⏐⏐⏐⏐
E× ⊗ ⊗i2
−→H 1(E, ⊗i+12 )
onto−→
m=2 H
4(E, ⊗i+22 )
Since H 4(E, ⊗i+2m )(⊗i+2m /2)r1 , the right vertical map is an isomorphism. The two left
horizontal maps are isomorphisms becauseGal(E¯/E) acts trivially on ⊗im .A diagram chase
establishes the surjectivity of the differential d2, so the result follows from (8.3). 
Lemma 8.5. If F =F(⊗im ) and E=F(⊗i2m), where F is exceptional, i is even and m=2,
then there is a root of unity  so that E = F(u), u = + −1, and c = 2 + −2 ∈ F .
Proof. If E = F we are done. Otherwise, let a be minimal such that F(√−1) does not
contain a primitive 2a th root of unity  (so 2 ∈ F(√−1)). Then =a+b−1, where i=2bj
(j odd); see [30]. Let 
 be a primitive 2+1st root of unity and set G= Gal(F (
)/F ). Since√−1 /∈F , we may identify G with the unique subgroup of Aut(2m) of order |G| = 2b+2
containing (
) = 
−1, namely 〈, 〉, where (
) = 
s for s = 1 + 2a−1. Since  and  ﬁx
c = 2 + −2, c ∈ F . Since  and 2act trivially on ⊗i2m, they generate Gal(F (
)/E). It
follows that E contains u = + −1 but u /∈F . 
Lemma 8.6. If E = F(⊗im ), i even, then H 4(E, ⊗i+2m )Ind G1 H 4(F, ⊗i+2m ), and we
have H 4(E, ⊗i+2m )GH 4(F, ⊗i+2m ).
In particular, KM4 (E)Ind
G
1 K
M
4 (F ) and KM4 (E)GKM4 (F ).
Proof. Since the isomorphism H 4(F, ⊗i+2m )
∏
r1H
4(R, ⊗i+2m ) is natural in F and m, it
sufﬁces to compare the real embeddings of E and F.
By induction on m, we may assume that [E : F ] = 2. By 8.5, there is a root of unity 
so that E = F( + −1), and c = 2 + −2 ∈ F . But every real embedding of F sends c
to 2 cos() for some , and sends c + 2 to a positive real number, because |2 cos()|< 2.
Since u2 = c + 2, every real embedding of F induces two real embeddings of E, conjugate
under Gal(E/F). 
Theorem 8.7. The kernel (Z/2) of K2i (OS){2} → H 2(OS,Z2(i + 1)) in (8.2) is a sub-
group of divK2i (F ).
In particular, the image of KM4 (F ) → K4(F ) lies in divK4(F ).
Proof. Every element of the kernel lifts to H 4(E, ⊗i+2m ) by 8.6. Since it is m-divisible in
K2i (E) by 8.4, it is m-divisible in K2i (F ). 
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Proof of Theorem A when i is even. Comparing (0.4), (0.6), (8.2) and 8.7 yields the
commutative diagram with exact rows:
0 → (Z/2) → divK2i (F ) → divH 2(F,Z(2)(i + 1)) → 0∥∥∥∥∥
⏐⏐⏐⏐
⏐⏐⏐⏐
0 → (Z/2) → Kw2i (F ) → O;2(OS,Z2(i + 1)) → 0.
The right vertical map is an isomorphism by theorem B. TheoremA, which asserts that the
middle vertical map is an isomorphism, now follows from the 5-lemma. 
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